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A FROBENIUS MANIFOLD FOR ℓ-KRONECKER QUIVER
AKISHI IKEDA, TAKUMI OTANI, YUUKI SHIRAISHI, AND ATSUSHI TAKAHASHI
Abstract. We construct a Frobenius structure whose intersection form coincides with
the generalized Cartan matrix of the ℓ-Kronecker quiver Kℓ and underlying complex
manifold is isomorphic to the space of stability conditions for the bounded derived cat-
egory of finitely generated modules over the path algebra CKℓ.
1. Introduction
A Frobenius manifold is a complex manifold whose tangent bundle is a flat family
of Frobenius algebras with grading operator called the Euler vector field satisfying cer-
tain conditions (see Definition 2.1). The notion of a Frobenius manifold is formulated by
B. Dubrovin [Dub96] in his study of differential equations and integrable systems (e.g.,
Painleve´ equations) related to 2-dimensional topological field theories. However, this
structure (except for the potentiality) was firstly discovered by K. Saito and his collabo-
rators [Sai93, SYS80] in their study of the invariant ring of a finite reflection group and
its orbit space. Its regular subspace coincides with the domain for period mappings of
a certain differential form on cycles in the Milnor fiber of the corresponding singularity.
Later, inspired by the above construction, a Frobenius structure on the deformation space
of an isolated hyper-surface singularity is constructed via the choice of a special differen-
tial form called a primitive form ζ in the de Rham cohomology group of the total space
twisted by the differential of the singularity (see [Sai86]). The existence of a primitive
form is proved by M. Saito [Sai89] (for tame holomorphic functions by Douai–Sabbah
[DS03, DS04]). In particular, the Gelfand–Leray form ζˇ of a primitive form gives the
differential form for the period mappings mentioned above.
T. Bridgeland introduced the notion of a space of stability conditions for a trian-
gulated category (constructed from a symplectic manifold, a tame function with isolated
critical points etc). Roughly speaking, this space is a complex moduli manifold consisting
of tuples (Z,P) of a group homomorphism called a central charge Z from the Grothendieck
group to C and an R-graded family of full additive categories P satisfying certain condi-
tions ([Bri07]). The importance of the space of stability conditions is that this complex
manifold is conjectured to be the moduli space of deformations of a mathematical object
2 AKISHI IKEDA, TAKUMI OTANI, YUUKI SHIRAISHI, AND ATSUSHI TAKAHASHI
mentioned inside the bracket above (e.g. see [Tak05, KST07, KST09]). Indeed, this con-
jecture is verified for some cases concerning the derived categories of (resp. Calabi–Yau
completions of) Fukaya–Seidel categories for tame functions with isolated critical points,
equivalently, the derived categories of modules over the mirror path algebras. Namely, in
[BQS14, HKK17] (resp. [Ike14, Ike17, Wan19]), their central charges are given by the os-
cillatory integrals (resp. period integrals of Gelfand–Leray forms) for primitive forms and
the spaces of stability conditions are isomorphic to the (resp. universal cover of regular)
orbit spaces of corresponding Weyl group invariant theories. More precisely, the following
commutative diagrams summarize their results for A2-singularity Ft(z) = z
3 + t2z + t1:
h/W
∼=
//
Π

Stab(Db(A2))
Z

Tp(h/W ) ∼= h
∼=
// Hom(K0(Db(A2),C),

Π(t) =
∫
eFt(z)ζ ∈ Tp(h/W ),
h∗Z ∼= H1(C,Re(Fp(z))≪ 0;Z),
ζ = dz.
h˜reg/W
∼=
//
ΠN

Stab(DN(A2))
ZN

Tp(h˜reg/W ) ∼= h
∼=
// Hom(K0(DN(A2)),C),

ΠN (t) =
∫
ζˇ ∈ Tp(h˜reg/W ),
h∗Z ∼= HN((ΣNFp)−1(0);Z),
ζˇ = Res
dx1 ∧ · · · dxN ∧ dz
ΣNFt
.
Here we denote by h (resp. hreg) the Cartan subalgebra (resp. without reflection hyper-
planes), by Db(A2) (resp. DN(A2)) the bounded derived category of finitely generated
modules over the path algebra CA2 (resp. of finite total dimension dg-modules over the
Calabi–Yau N -completion of CA2), by Z (resp. ZN ) the local homeomorphism (Z,P) 7→
Z, by ΣNFt the N -th suspension Ft +
N∑
i=1
x2i and the tilde stands for the universal cover.
Note that the integral dual lattice h∗Z is naturally isomorphic to the relative homology
group of Lefschetz thimbles (resp. the middle dimensional homology group of vanishing
cycles) and integrations are taken after analytic continuations from the reference point p
to t (see also [Sai86, Section 5 (5.7)]).
Frobenius structures on the orbit spaces of the Weyl groups are constructed for finite
Coxeter groups [SYS80, Dub99b], extended affine Weyl groups [DZ98, DSZZ15], elliptic
Weyl groups and Jacobi groups [Ber00a, Ber00b, Sat10] (see also [KaMaSe15, KMS18] for
Saito structures without metrics). The purpose of the present paper is to construct the
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Frobenius structure from the invariant theory of the Weyl group associated to ℓ-Kronecker
quiver Kℓ:
Theorem 1.1 (Theorem 4.1). Let W be the Weyl group of Kℓ and X˜ be the universal
cover of a certain subspace X of h (see Definition 3.6). There exists a unique Frobenius
structure of rank 2 and dimension 1− 2
h
on X˜//W such that e =
∂
∂t1
, E = t1
∂
∂t1
+
2
h
t2
∂
∂t2
for the flat coordinates (t1, t2) in Subsection 4.1 and the intersection form coincides with
the generalized Cartan matrix A of ℓ-Kronecker quiver Kℓ.
Here h :=
2π
√−1
log ρ
where ρ > 1 is the eigenvalue of the Coxeter transformation.
Since ρ = exp
(
2π
√−1
h
)
tautologically, the number h can be regard as a generalization of
the Coxeter number. Inspired by the conjectural relation between Frobenius structure and
spaces of stability conditions explained above, the covering space of regular orbit subspace
X˜reg/W (⊂ X˜//W ) is obtained as the space of stability conditions for the bounded derived
category of nilpotent modules over the preprojective algebra Π2(Kℓ) associated to Kℓ.
Moreover, due to [DK16], the space X˜//W is isomorphic to the space of stability conditions
for the bounded derived category of finitely generated modules over the path algebra CKℓ
(see Proposition 3.18). We expect stronger results that the deformed flat coordinates
on the Frobnius manifold X˜//W coincide with the central charges on Stab(Db(Kℓ)) (see
Conjecture 4.10) .
Acknowledgement. A. I is supported by JSPS KAKENHI Grant Number 16K17588 and
partially by JSPS KAKENHI Grant Number 16H06337. Y. S is supported by JSPS
KAKENHI Grant Number 19K14531. A. T is supported by JSPS KAKENHI Grant
Number 16H06337.
2. Frobenius manifolds and periods
We recall the definition of the Frobenius manifold and related properties.
2.1. Frobenius manifolds. The original definition and their basic properties are given
by B. Dubrovin [Dub96]. For the notations, we use the following definition:
Definition 2.1 ([ST08, Definition 2.1]). Let M = (M,OM ) be a connected complex
manifold or a formal manifold over C of dimension µ whose holomorphic tangent sheaf
and cotangent sheaf are denoted by TM ,Ω1M respectively and d a complex number. A
Frobenius structure of rank µ and dimension d on M is a tuple (η, ◦, e, E), where η is
a non-degenerate OM -symmetric bilinear form on TM , ◦ is OM -bilinear product on TM ,
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defining an associative and commutative OM -algebra structure with the unit e, and E is
a holomorphic vector field on M , called the Euler vector field, which are subject to the
following axioms:
(i) The product ◦ is self-adjoint with respect to η: that is,
η(δ ◦ δ′, δ′′) = η(δ, δ′ ◦ δ′′), δ, δ′, δ′′ ∈ TM .
(ii) The Levi–Civita connection ∇/ : TM ⊗OM TM → TM with respect to η is flat: that
is,
[∇/δ,∇/δ′ ] = ∇/[δ,δ′], δ, δ′ ∈ TM .
(iii) The tensor C : TM ⊗OM TM → TM defined by Cδδ′ := δ ◦ δ′, (δ, δ′ ∈ TM ) is flat:
that is,
∇/C = 0.
(iv) The unit element e of the ◦-algebra is a ∇/-flat homolophic vector field: that is,
∇/e = 0.
(v) The bilinear form η and the product ◦ are homogeneous of degree 2− d (d ∈ C),
1 respectively with respect to Lie derivative LieE of Euler vector field E: that is,
LieE(η) = (2− d)η, LieE(◦) = ◦.
Next we expose some basic properties of the Frobenius manifold without their proofs.
Let us consider the space of horizontal sections of the connection ∇/:
T fM := {δ ∈ TM | ∇/δ′δ = 0 for all δ′ ∈ TM}
which is a local system of rank µ on M such that the metric η takes constant value on
T fM . Namely, we have
η(δ, δ′) ∈ C, δ, δ′ ∈ T fM .
Proposition 2.2 ([ST08, Definition 2.2]). At each point of M , there exist local coordi-
nates (t1, . . . , tµ), called flat coordinates, such that e = ∂1, T fM is spanned by ∂1, . . . , ∂µ
and η(∂i, ∂j) ∈ C for all i, j = 1, . . . , µ, where we denote ∂/∂ti by ∂i.
The axiom ∇/C = 0, implies the following:
Proposition 2.3 ([ST08, Proposition 2.4]). At each point of M , there exist the local
holomorphic function F , called Frobenius potential, satisfying
η(∂i ◦ ∂j , ∂k) = η(∂i, ∂j ◦ ∂k) = ∂i∂j∂kF , i, j, k = 1, . . . , µ,
for any system of flat coordinates. In particular, one has
ηij := η(∂i, ∂j) = ∂1∂i∂jF .
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Denote by ηij the (i, j)-entry of the matrix (ηij)
−1.
Example 2.4 ([Dub96, Example 1.1]). Let M be a Frobenius manifold of rank 2 and
dimension d whose flat coordinates are (t1, t2). If d 6= −1, 1, 3, then the Frobenius potential
F of M is given as follows:
F(t1, t2) = 1
2
η12(t
1)2t2 + c(t2)
3−d
1−d ,
where η12 ∈ C\{0}, c ∈ C.
2.2. The intersection form and the second structure connection. Let M be a
Frobenius manifold of rank µ and dimension d. We recall the intersection form of the
Frobenius manifold M .
Definition 2.5 ([Dub96, Appendix G (G.1)]). Define ∆ as the determinant of the OM -
endomorphism CE ∈ EndOM (TM):
∆ := det(CE) ∈ OM ,
called the discriminant. Set D := {t ∈M | ∆(t) = 0} (called the discriminant locus) and
Mreg := M\D (called the regular subspace).
The intersection form of the Frobenius manifold M is defined as follows:
Definition 2.6 ([Dub96, Lecture 3 (3.13)]). Let (s1, . . . , sµ) be local coordinates of M .
Set the OM–symmetric bilinear form g : Ω1M × Ω1M → OM as
g(ω, ω′) :=
µ∑
a,b=1
〈
∂
∂sa
, ω
〉
· η(dsa, dsb) ·
〈
CE
∂
∂sb
, ω′
〉
,
where 〈−,−〉 is the contraction. The OM -bilinear form g is called the intersection form
of the Frobenius manifold M .
The intersection form g is independent of a choice of local coordinates. The inter-
section form with respect to the flat coordinates (t1, . . . , tµ) is given by
g =
µ∑
a,b=1
ηiaηjbE
∂2F
∂ta∂tb
.
Denote by ∇ the Levi–Civita connection of g. The connection ∇ is often called the Second
structure connection or the Dubrovin connection.
Proposition 2.7 ([Her02, Theorem 9.4]). The second structure connection ∇ is a flat
connection.
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Definition 2.8 ([Dub96, Definition G.1]). Actions of the fundamental group π1(Mreg) on
the universal covering of Mreg can be lifted to isometries in Aut(C
µ, I) on Cµ ∼= T ∗pMreg
with respect to the bilinear form I induced by the intersection form g. Denote by Θ the
associated representation:
Θ : π1(Mreg, p) −→ Aut(Cµ, I).
The group
WM := ImΘ
is called the monodromy group of the Frobenius manifold.
Definition 2.9 ([Dub04, Definition 6]). A function x ∈ OMreg is called a period if the
1-form dx ∈ Ω1Mreg is flat with respect to the second structure connection ∇, i.e.,
∇dx = 0.
Proposition 2.10. Let (x1, . . . , xµ) be local flat coordinates on Mreg with respect to g.
If d 6= 1, then the following function:
t(x1, . . . , xµ) :=
µ∑
i=1
g
(
∂
∂xi
,
∂
∂xj
)
xixj
is a flat function, namely, ∇/dt = 0.
Proof. The statement follows from similar arguments in [Sai86, Section 3.3, 3)] and [Sai86,
Section 5.3)]. 
The following Lemma 2.11 will be the key lemma which enables us to reconstruct
structure coefficients of the product ◦ from contravariant components of the Levi–Civita
connection for the intersection form g (see Subsection 4.3):
Lemma 2.11 ([Dub96, Lemma 3.4]). Let g be the intersection form of a Frobenius struc-
ture M of rank µ and dimension d. The following equality holds:
g(dti,∇ ∂
∂tk
dtj) =
(
d− 1
2
+ dj
) µ∑
a,b=1
ηiaηjb∂k∂a∂bF ,
where dj is the degree of the flat coordinate tj with respect to E, i.e., ∇/ ∂
∂tj
E = dj · ∂
∂tj
.
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3. The generalized root system associated to ℓ-Kronecker quiver
Throughout this paper, we assume that ℓ ∈ Z and ℓ ≥ 3. We summarize results for
the generalized root system associated to ℓ-Kronecker quiver.
Definition 3.1. The ℓ-Kronecker quiver Kℓ consists of vertices {1, 2} and ℓ edges from
1 to 2:
Kℓ : •1
aℓ
66
a1
''... •2.
(i) The generalized Cartan matrix associated to ℓ-Kronecker quiver is defined as
A :=
(
a11 a12
a21 a22
)
=
(
2 −ℓ
−ℓ 2
)
,
where aij := 2δij − (qij + qji), δij is the Kronecker delta and qij is the number of
arrows from i to j.
(ii) The root lattice L associated to Kℓ is the following free abelian group
L := Zα1 ⊕ Zα2
with generators α1 and α2, called simple roots.
(iii) Define the symmetric bilinear form as follows:
I : L× L→ Z; I(αi, αj) := aij .
Define the reflection with respect to the simple root αi as the following isometric
homomorphism ri : L→ L with respect to I:
ri(λ) := λ− I(λ, αi)αi, λ ∈ L.
(iv) The group W := 〈r1, r2〉 ⊂ Aut(L, I) is called the Weyl group. Define the set of
real roots ∆re as
∆re := {w(αi) ∈ L | w ∈ W, i = 1, 2},
(v) Define the Coxeter transformation c as c := r1r2 ∈ W .
Let Db(Kℓ) be the bounded derived category of finitely generated modules over the
path algebra associated to Kℓ, χ the Euler form on the Grothendieck group K0(Db(Kℓ)),
Si the simple module corresponding to the vertex i, ∆
re(Db(Kℓ)) := 〈r[S1], r[S2]〉{[S1], [S2]}
where r[Si](λ) := λ− (χ+χT )(λ, [Si])[Si] for λ, [Si] ∈ K0(Db(Kℓ)) and [S[1]] the automor-
phism on K0(Db(Kℓ)) induced by the Serre functor S shfited by [1].
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Lemma 3.2. The tuples (L, I,∆re, c) and (K0(Db(Kℓ)), χ+χT ,∆re(Db(Kℓ)), [S[1]]) form
generalized root systems in the sense of [STW, Definition 2.1]. Moreover, these tuples
coincide with each other under the identification [Si] = αi (i = 1, 2).
Proof. For the former assertion, see [STW, Section 2.2]. The latter assertion follows from
straightforward calculations. 
The matrix representations of ri and c (denote them by same symbols with ri and
c) with respect to the basis (α1, α2) are given by
r1 =
(
−1 ℓ
0 1
)
, r2 =
(
1 0
ℓ −1
)
, c =
(
ℓ2 − 1 −ℓ
ℓ −1
)
.
Let ρ, ρ−1 be eigenvalues (spectral radius) of the Coxeter transformation c:
ρ :=
ℓ2 − 2 +√ℓ4 − 4ℓ2
2
, ρ−1 =
ℓ2 − 2−√ℓ4 − 4ℓ2
2
.
3.1. The space X.
Definition 3.3. Let the group homomorphism α∗i : L → C be the dual of αi, i.e.,
〈α∗i , αj〉 := α∗i (αj) = δij . Set
hR := HomZ(L,R) ∼= Rα∗1 ⊕ Rα∗2
h := HomZ(L,C) ∼= Cα∗1 ⊕ Cα∗2,
and call h the Cartan subalgebra. Set the dual spaces
h∗R := L⊗Z R ∼= Rα1 ⊕ Rα2
h∗ := L⊗Z C ∼= Cα1 ⊕ Cα2
The W -action on L can be extended linearly to h∗ and h∗R. Define the W -action on h and
hR by
〈w(Z), λ〉 := 〈Z,w−1(λ)〉 for Z ∈ h and λ ∈ h∗C.
The vector spaces h, hR, h
∗, h∗R are equipped with the Euclidean topology for finite
dimensional ones.
Definition 3.4 (cf. [Kac90, section 5.1]). Set
L+ :=
2∑
i=1
Z≥0αi, L− := −L+ =
2∑
i=1
Z≤0αi.
(i) Define the set of positive real roots ∆re+ and the one of negative real roots ∆
re
− as
∆re+ := ∆
re ∩ L+, ∆re− := ∆re ∩ L−.
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(ii) Let K := {λ ∈ L+\{0} | I(λ, αi) ≤ 0, i = 1, 2}. The set of imaginary roots ∆im
is defined as ∆im := ∆im+ ∪∆im− , where the set of positive imaginary roots ∆im+ and
the one of negative imaginary roots ∆im− are defined as
∆im+ :=W (K) = {w(λ) | w ∈ W, λ ∈ K}, ∆im− := −∆im+ .
Definition 3.5. The imaginary cone I is defined as the closure of the convex hull of
∆im+ ∪ {0}:
I := Conv(∆im+ ∪ {0}) ⊂ h∗R.
Set I0 := I\{0} and call it the blunt imaginary cone.
Let ν :=
ℓ+
√
ℓ2 − 4
2
and ν−1 =
ℓ−√ℓ2 − 4
2
. Obviously ν2 = ρ. We have
I =
{
z1α1 + z2α2 ∈ h∗R
∣∣∣∣∣ z1, z2 ≥ 0,
2∑
i,j=1
zizjI(αi, αj) ≤ 0
}
= {z1α1 + z2α2 ∈ h∗R | z1, z2 ≥ 0, 2(z21 − ℓz1z2 + z22) ≤ 0}
= {z1α1 + z2α2 ∈ h∗R | z1, z2 ≥ 0, (z1 − νz2)(z1 − ν−1z2) ≤ 0}.
Definition 3.6 ([Ike14, Definition 2.7]). For λ ∈ h∗, set Hλ := {Z ∈ h | Z(λ) = 0}.
Define X ⊂ h as
X := h\
⋃
λ∈I0
Hλ,
and define Xreg ⊂ X as
Xreg := X\
⋃
α∈∆re+
Hα.
Lemma 3.7 ([Ike14, Lemma 2.9]). The sets X and Xreg are open subsets of h.
Proposition 3.8 ([Ike14, Proposition 2.17]). The W -action can be restricted to X and
Xreg. This W -action is properly discontinuous on X , in particular, is free on Xreg.
Let Db(Π2(Kℓ)) be the bounded derived category of nilpotent modules over the pre-
projective algebra Π2(Kℓ) associated to Kℓ, Z[2] ⊂ Aut
(Db(Π2(Kℓ))) the subgroup gener-
ated by the shift functor [2]. Denote by Br(Db(Π2(Kℓ))) the subgroup of Aut(Db(Π2(Kℓ)))
generated by spherical twists.
Theorem 3.9 ([Ike14, Theorem 1.1]). There is a covering map
π : Stab◦
(Db(Π2(Kℓ))) −→ Xreg/W
and the subgroup Z[2] × Br (Db(Π2(Kℓ))) ⊂ Aut (Db(Π2(Kℓ))) acts as the group of deck
transformations.
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Lemma 3.10. Define the new basis (β1, β2) := (α1, α2)P where
P :=
 ν√(ℓ2−4)ν 1√(ℓ2−4)ν
1√
(ℓ2−4)ν
ν√
(ℓ2−4)ν
 .
(i) The matrix representations Ri of reflections ri and the one of I on h
∗
C with respect
to the basis (β1, β2) are given by
R1 := P
−1r1P =
(
0 ν
ν−1 0
)
, R2 := P
−1r2P =
(
0 ν−1
ν 0
)
, P TAP =
(
0 −1
−1 0
)
.
We also have P−1cP = P−1r1r2P = R1R2 and use the same symbol c for P−1cP .
(ii) Let (β∗1 , β
∗
2) be the dual basis for (β1, β2). Then (β
∗
1 , β
∗
2) = (α
∗
1, α
∗
2)(P
T )−1.
(iii) The matrix representations of reflections ri (i = 1, 2) on h with respect to the
basis (β∗1 , β
∗
2) are given by (R
T
1 )
−1 and (RT2 )
−1 respectively.
Denote by (x1, x2) and (x1, x2) the linear coordinates with respect to the basis (β
∗
1 , β
∗
2) of
the Cartan subalgebra h and the basis (β1, β2) of the dual C-vector space h
∗
C respectively.
(iv) We have
R1 · (x1, x2) = (ν−1x2, νx1), R2 · (x1, x2) = (νx2, ν−1x1) .
(v) We have
I = {(x1, x2) ∈ R2 | x1, x2 ≥ 0, x1x2 ≤ 0},
and hence
X = C2\
⋃
0≤a≤1
{(x1, x2) ∈ C2 | ax1 + (1− a)x2 = 0}
= C2\
⋃
0≤λ≤∞
{(x1, x2) ∈ C2 | x1 = −λx2}.
Proof. The statements (i) to (iv) follow from straightforward calculations. The statement
(v) follows from [Ike14, Lemma 2.8]. 
Lemma 3.11. Define the cycle γ : [0, 1]→ X as
γ(t) :=
(
e2π
√−1t, e2π
√−1t
)
∈ X.
Then γ is a generator of the fundamental group π1(X) of X and hence π1(X) = 〈γ〉 ∼= Z.
Proof. By Lemma 3.10 (v), there exists an isomorphism of complex manifolds:
X
∼=−→ (C \ {0})× (C \ R≤0); (x1, x2) 7→
(
x1,
x1
x2
)
.
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The cycle {(e2π
√−1t, 1) | t ∈ [0, 1]} ⊂ (C\{0})×(C\R≤0) is an generator of the fundamental
group π1((C \ {0})× (C \R≤0)) ∼= π1(C \ {0})× π1(C \R≤0) ∼= Z and the image of γ by
the above isomorphism. 
3.2. Weyl group invariant theory. Set
(3.1) X˜ :=
{(
y1, y2
) ∈ C2 ∣∣ ∣∣Im (y1 − y2)∣∣ < π} ⊂ C2.
Proposition 3.12. The space X˜ is the universal covering space of X . The covering map
is given by
πX : X˜ −→ X, (y1, y2) 7→ (ey1 , ey2)
Proof. For (y1, y2) ∈ X˜ , set λ := ey1−y2 = eRe (y1−y2)e
√−1 Im (y1−y2). Since λ is not a
negative real number since |Im(y1 − y2)| < π and ey1 = ey1−y2+y2 = λey2 , the map πX is
well-defined. The statement follows from Lemma 3.11. 
Remark 3.13. Fix the isomorphism h ∼= C2 via the basis (β∗1 , β∗2). Define the map πC2 :
C2 → C2 ∼= h as (y1, y2) 7→ (ey1 , ey2). The boundary ∂X˜ of X˜ is given by
∂X˜ =
{
(y1, y2) ∈ C2 ∣∣ ∣∣Im (y1 − y2)∣∣ = π} .
We have πC2(∂X˜) = h\X =
⋃
λ∈I0 Hλ.
Remark 3.14. If we choose the following domain as X˜ :{(
y1, y2
) ∈ C2 ∣∣ (2n− 1)π < Im (y1 − y2) < (2n+ 1)π} (n 6= 0),
the monodromy group of the resulting Frobenius manifold does not coincide with the
Weyl group for Kℓ. See also Proposition 4.8.
We can lift the Weyl group action on X˜ as follows:
R1 · (y1, y2) = (y2 − log ν, y1 + log ν)(3.2)
R2 · (y1, y2) = (y2 + log ν, y1 − log ν).(3.3)
The W -action above is equivariant to πX . The fundamental group π1(X) acts on the
unversal covering sapce X˜ . This π1(X)-action is given by
γ · (y1, y2) = (y1 + 2π√−1, y2 + 2π√−1)
for the generator γ ∈ π1(X). These two actions on X˜ can be extended naturally on
C2(⊃ X˜). Note that these actions on C2 are properly discontinuous.
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Lemma 3.15. Set
U˜ :=
{(
y1, y2
) ∈ X˜ ∣∣∣ ∣∣Re (y1 − y2)∣∣ ≤ log ν} ⊂ X˜,
U := πX
(
U˜
)
=
{(
x1, x2
) ∈ X ∣∣∣∣ ν−1 ≤ ∣∣∣∣x1x2
∣∣∣∣ ≤ ν} ⊂ X.
Then the subset U˜ is a fundamental domain of the W -action in (3.2) and (3.3) on X˜.
The subset U is a fundamental domain of the W -action in Lemma 3.10 (iv) on X.
Proof. The statement follows from explicit presentations of actions (3.2) and (3.3). 
Definition 3.16. Let W y C2 ⊃ X˜ be the W -action in (3.2) and (3.3). Define the
complex analytic space C2//W as follow:
• Its underlying space is C2/W , the quotient space of C2 by W .
• Let π : C2 → C2/W be the quotient map. Denote by OW
C2
the W–invariant
subsheaf of OC2 the sheaf of germs of holomorphic functions for C2. Define the
structure sheaf OC2/W as OC2/W := π∗OWC2 .
Define the complex analytic space X˜//W as follows:
• Its underlying space is X˜/W , the quotient space of X˜ by W .
• Let π : X˜ → X˜/W be the quotient map. Denote byOW
X˜
theW–invariant subsheaf
of OX˜ , the sheaf of germs of holomorphic functions for X˜ . Define the structure
sheaf OX˜/W as OX˜/W := π∗OWX˜ .
Proposition 3.17. Define the map ϕ : C2 → C2; (y1, y2) 7→ (s1, s2) where
s1 = e
h
2
(y1−y2) − eh2 (y2−y1),
s2 = y1 + y2.
Then the map ϕ induces an isomorphism between complex analytic spaces
(3.4) ϕ : C2//W
∼=−→ C2, [(y1, y2)] 7→ (s1, s2).
In particular, the complex analytic space C2//W is a complex manifold.
Proof. We have ϕ ◦ π = ϕ and ϕ∗OC2/W = ϕ∗π∗OWC2 ∼= ϕ∗OWC2 . We shall show that
ϕp : OC2,ϕ(p) → OWC2,p is isomorphic for any p ∈ C2. This morphism ϕp is given by
ϕp(f)(y
1, y2) = f ◦ ϕ(y1, y2) = f
(
e
h
2
(y1−y2) − eh2 (y2−y1), y1 + y2
)
∈ OWC2,p
for f(s1, s2) ∈ OC2,ϕ(p).
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We construct the inverse map ψp : OWC2,p → OC2,ϕ(p) of ϕp. For every n1, n2 ∈ Z≥0,
set the differential Dn1,n2 : OC2 → OC2 as
Dn1,n2 :=
n1+n2∑
i=0
 (n1 + n2)!
i! (n1 + n2 − i)!
1
2n2hn1
(
e
h
2
(y1−y2) + e
h
2
(y2−y1)
)n1
( ∂
∂y1
)i(
∂
∂y2
)n1+n2−i
.
Then ψp is given by
ψp(g)(s
1, s2) :=
∑
n1,n2∈Z≥0
1
n1!n2!
Dn1,n2(g)|(y1,y2)=p (s1 − s1(p))n1(s2 − s2(p))n2
for g(y1, y2) ∈ OW
C2,p. We have(
∂
∂s1
)n1 ( ∂
∂s2
)n2
=
(
∂y1
∂s1
∂
∂y1
+
∂y2
∂s1
∂
∂y2
)n1 (∂y1
∂s2
∂
∂y1
+
∂y2
∂s2
∂
∂y2
)n2
=
n1+n2∑
i=0
 (n1 + n2)!
i! (n1 + n2 − i)!
1
2n2hn1
(
e
h
2
(y1−y2) + e
h
2
(y2−y1)
)n1
( ∂
∂y1
)i(
∂
∂y2
)n1+n2−i
=Dn1,n2.
The value of Dn1,n2(g)|(y1,y2)=p is determined uniquely by (s1, s2) since g is a W -invariant
function. Hence, we have ψp = ϕ
−1
p by the Taylor expansion. 
By Definition 3.16 and Proposition 3.17, we have the following commutative diagram
of complex manifolds:
X˜




// C2


X˜//W 

// C2//W.
Proposition 3.18. Set
E :=
z ∈ C
∣∣∣∣∣∣∣
(Re z)2(
exp
(
π2
log ρ
)
− exp
(
− π2
log ρ
))2 + (Im z)2(
exp
(
π2
log ρ
)
+ exp
(
− π2
log ρ
))2 < 1
 ⊂ C.
Then the morphism given by (3.4) induces an isomorphism between complex manifolds:
X˜//W ∼= E× C, [(y1, y2)] 7→ (s1, s2).
In particular, the complex manifold X˜//W is isomorphic to the space of stability condi-
tions Stab(Db(Kℓ)) of Db(Kℓ).
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Proof. It is easily shown that the complex manifold E × C is the image of X˜//W by ϕ.
Latter statement follows from Stab(Db(Kℓ)) ∼= H × C in [DK16, Theorem 1.5] and an
isomorphism H ∼= E as complex manifolds. 
Remark 3.19. The functions es
1
and s2 are single-valued functions on X :
s1 =
(
x1
x2
)h
2
−
(
x2
x1
)h
2
,
es
2
= x1x2.
Note that s1 is an infinitely multi-valued function on X .
4. A Frobenius structure for ℓ–Kronecker quiver
Set h :=
2π
√−1
log ρ
. The eigenvalues ρ and ρ−1 of the Coxeter transformation c can
be expressed as follows:
ρ = exp
(
2π
√−1
h
)
, ρ−1 = exp
(
−2π
√−1
h
)
.
The value h can be regarded as a generalization of the Coxeter number.
We shall construct a Frobenius structure of rank 2 and dimension 1 − 2
h
on the
complex manifold X˜//W whose intersection form coincides with the generalized Cartan
matrix A for Kℓ.
Theorem 4.1. There exists a unique Frobenius structure of rank 2 and dimension 1− 2
h
on X˜//W such that e =
∂
∂t1
, E = t1
∂
∂t1
+
2
h
t2
∂
∂t2
for the flat coordinates (t1, t2) in
Subsection 4.1 and the intersection form coincides with the generalized Cartan matrix A
of ℓ-Kronecker quiver Kℓ.
Remark 4.2. Since the Frobenius structure is of rank 2 and dimension 1 − 2
h
, the Euler
vector field E is given by
E = t1
∂
∂t1
+
2
h
t2
∂
∂t2
with respect to the flat coordinates (t1, t2). In particular, it is easily shown that the
Frobenius potential F must be
F(t1, t2) = 1
2
η12(t
1)2t2 + c(t2)h+1, c ∈ C \ {0},
and hence the Frobenius structure on X˜//W should be unique if it exists (see also Example
2.4).
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4.1. The unit vector field and the Euler vector field. Let (s1, s2) be the coordinates
of X˜//W in Proposition 3.18. Set
t1 := e
h
2
s2 · s1, t2 := es2.
The map
C× E −→ C× C∗; (s1, s2) 7→ (t1, t2)
is a local homeomorphism. The coordinates (t1, t2) are locally equal to
t1 = (x1)h − (x2)h,
t2 = x1x2
where (x1, x2) are the coordinates of X in Definition 3.10. Define degrees of t1 and t2
as deg t1 := h and deg t2 := 2 due to Proposition 2.10 and local expressions of t1 and t2
above. Set
e :=
∂
∂t1
, E :=
deg t1
h
t1
∂
∂t1
+
deg t2
h
t2
∂
∂t2
= t1
∂
∂t1
+
2
h
t2
∂
∂t2
.
It will be shown later that (t1, t2) are flat coordinates and e and E are the unit vector
field and the Euler vector field.
Remark 4.3. Note that the Euler vector field E is equal to
2
h
∂
∂s2
. This observation can
be regarded as an analogy of [DZ98, Theorem 2.1 (ii)].
4.2. The non-degenerate OX˜/W -symmetric bilinear form and flat coordinates.
Let g : Ω1X × Ω1X → OX be the bilinear form on the cotangent sheaf of X induced by the
generalized Cartan matrix of Kℓ via the natural isomorphism T
∗
p h
∼= h∗ and the restriction
to X :
g(dxi, dxj) := I(β∗i , β
∗
j ) =
(
0 −1
−1 0
)
.
The bilinear form g induces the one on the cotangent sheaf of X˜ (denote the induced
bilinear form on Ω1
X˜
by the same symbol g for simplicity). With respect to the coordinates
(y1, y2) of X˜ in (3.1), we have
g(dyi, dyj) =
2∑
a,b=1
∂yi
∂xa
∂yj
∂xb
g(dxa, dxb)
=
 0 − 1ey1+y2
− 1
ey1+y2
0
 .
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The bilinear form g on Ω1
X˜
induces the bilinear form on Ω1
X˜/W
(denote this induced
bilinear form by the same symbol g again). By the definition of the coordinates (s1, s2)
in Proposition 3.17, the induced bilinear form g : Ω1
X˜/W
× Ω1
X˜/W
→ OX˜/W is given by
g(dsi, dsj) =
2∑
a,b=1
∂si
∂ya
∂sj
∂yb
g(dya, dyb)
=
− 2es2 0
0
h2
2es2
(4 + (s1)2)
 .(4.1)
Proposition 4.4. Define η : Ω1
X˜/W
× Ω1
X˜/W
→ OX˜/W as
η := Liee g .
Then the bilinear form η defines a non-degenerate and flat OX˜/W –symmetric bilinear form
on TX˜/W (denote this bilinear form on TX˜/W by the the same symbol η).
Proof. With respect to the local coordinates (t1, t2), we have
η
(
dti, dtj
)
=
∂
∂t1
(
g
(
dti, dtj
))− g (Lie ∂
∂t1
dti, dtj
)
− g
(
dti,Lie ∂
∂t1
dtj
)
=
∂
∂t1
(
g
(
dti, dtj
))
.
By the equation (4.1), we have
(g(dti, dtj)) =
(
2h2(t2)h−1 −ht1
−ht1 −2t2
)
and hence
(η(dti, dtj)) =
(
0 −h
−h 0
)
, i.e.,
(
η
(
∂
∂ti
,
∂
∂tj
))
=
(
0 − 1
h
− 1
h
0
)
.
Therefore, the bilinear form η is a non-degenerate and flat bilinear form whose flat coor-
dinates are (t1, t2). 
4.3. The product structure. Recall Lemma 2.11. Set Γijk := g
(
dti,∇ ∂
∂tk
dtj
)
where ∇
is the Levi–Civita connection of g on Ω1
X˜/W
. Define Ckij as follows:
Ckij :=
h
deg tk − 1
2∑
a=1
ηia · Γakj , i, j, k ∈ {1, 2}
where ηij := η
(
∂
∂ti
,
∂
∂tj
)
in Proposition 4.4.
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Lemma 4.5. Set
F := − 1
2h
(
t1
)2
t2 +
1
h2 − 1
(
t2
)h+1
.
Then we have
Ckij =
2∑
a=1
ηka
∂3F
∂ta∂ti∂tj
.
Proof. The statement follows from straightforward calculations. 
The following proposition follows from Lemma 4.5:
Proposition 4.6. Define the OX˜/W -linear map ◦ : TX˜/W × TX˜/W → TX˜/W by
∂
∂ti
◦ ∂
∂tj
:=
2∑
k=1
Ckij
∂
∂tk
, i, j = 1, 2.
Then the product ◦ is commutative and associative. Moreover, e = ∂
∂t1
is the unit vector
field for ◦.
4.4. The discriminant locus and the monodromy group. Denote by DX˜/W the
zeros of the discriminant ∆X˜/W of the Frobenius manifold (X˜//W, η, ◦, e, E). The dis-
criminant locus DX˜/W is given by
DX˜/W =
{
(s1, s2) ∈ X˜//W
∣∣∣ s1 = ±2√−1}
with respect to the global coordinates (s1, s2) by the equation (4.1). With respect to the
flat coordinates (t1, t2), we have
DX˜/W =
{
(t1, t2) ∈ X˜//W
∣∣∣ (t1)2 + 4(t2)h = 0} .
Proposition 4.7. Set
X˜reg := π
−1
X (Xreg) ⊂ X˜.
Then we have
(4.2) X˜reg/W ∼=
(
X˜//W
)
\DX˜/W .
Proof. Recall Proposition 3.8. Since
⋃
α∈∆re+ Hα = {(x
1, x2) | x2 = ν2k+1x1 (k ∈ Z)} ⊂ X ,
we have
π−1X
 ⋃
α∈∆re+
Hα
 = {(y1, y2) ∈ X˜ | y1 = y2 + (2k + 1) log ν, k ∈ Z} ⊂ X˜
and hence
X˜\π−1X
 ⋃
α∈∆re+
Hα
 = X˜reg.
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By the definition of (s1, s2), the image of (y1, y2) ∈ π−1X
(⋃
α∈∆re+ Hα
)
by ϕ are
s1 = exp
(
−h
2
(2k + 1) log ν
)
− exp
(
h
2
(2k + 1) log ν
)
= exp
(
−
(
k +
1
2
)
π
√−1
)
− exp
((
k +
1
2
)
π
√−1
)
=
{
−2√−1 (if k is even)
2
√−1 (if k is odd),
s2 = 2y1 + (2k + 1) log ν.
Therefore the isomorphism (4.2) holds. 
Proposition 4.8. The monodromy group WX˜/W of (X˜//W, η, ◦, e, E) coincides with the
Weyl group W .
Proof. By the construction, the coordinates x1 and x2 are periods of the Frobenius man-
ifold (X˜//W, η, ◦, e, E):
x1 = e
s2
2
s1 +
√
(s1)2 + 4
2

1
h
,
x2 = e
s2
2
−s1 +
√
(s1)2 + 4
2

1
h
.
Fix a point ∗ ∈ X˜reg. For i = 1, 2, let γ˜i be a path on X˜ from ∗ to ri(∗). Denote by
γi := ϕ (γ˜i). Then γ1 (resp. γ2) is a loop around 2
√−1 (resp. −2√−1) on (X˜//W )reg
and these loops are generators of the fundamental group π1
(
(X˜//W )reg, ϕ(∗)
)
. Note that
the branch cut of
√
(s1)2 + 4 is the line between 2
√−1 and −2√−1. The monodromy
representation Mγi of γi is given by
Mγ1 =
(
0 ν
ν−1 0
)
, Mγ2 =
(
0 ν−1
ν 0
)
for periods (x1, x2). Therefore, we have WX˜/W
∼= W . 
Finally, we show that the Frobenius manifold (X˜//W, η, ◦, e, E) is semi-simple in the
sense of [Dub96, Lecture 3]:
Proposition 4.9. The Frobenius manifold (X˜//W, η, ◦, e, E) is semi-simple.
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Proof. Set
u1 := ehs
2 (
s1 + 2
√−1) , u2 := ehs2 (s1 − 2√−1) .
We can easily check that (u1, u2) form canonical coordinates. 
4.5. Perspectives. In the case of the root system of type A2, there exsits an isomorphism
between the Frobenius manifold h/W and Stab(Db(A2)) such that the central charge map
is identified with the oscillatory integrals on h/W ([BQS14, HKK17]). Based on the
results and Proposition 3.18, we expect the following
Conjecture 4.10. There should exist an isomorphism ϕ : X˜//W → Stab(Db(Kℓ)) such
that ϕ is compatible with a deformed flat coordinates (see [Dub99a]) and the central charge
map. That is, the following diagram commutes;
X˜//W
ϕ
//
(t˜1|u=1,t˜2|u=1) ""❊❊
❊❊
❊❊
❊❊
❊
Stab(Db(Kℓ))
Z
yyrr
rr
rr
rr
rr
r
C2
.
In particular, we have
∇̂|u=1 = ϕ∗d,
where d is the trivial connection on
TStab(Db(Kℓ)) ∼= Stab(Db(Kℓ))× HomZ(K0(Db(Kℓ)),C)
and ∇̂|u=1 is the restriction of the first structure connection on T (X˜//W ), which is defined
by
∇̂δδ′ := ∇/δ′δ + 1
u
δ ◦ δ′.
Through the present work, we reach to partial results that exponents, duality among
them and the non-degenerate symmetric bilinear form can be obtained via eigenvalues and
eigenvectors of the Coxeter transformation for a generalized root system whose Cartan
matrix is non-degenerate and symmetric (e.g., see Lemma 3.10).
The present paper will be the first of a series of our attempts to construct Frobenius
structures from the Weyl group invariant theories associated to such generalized root
systems, moreover on the spaces of stability conditions.
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